ABSTRACT. In this paper, we determine the cokernel of the k-th Johnson homomorphisms of the automorphism group of afree metabelian group for $k\geq 2$ and $n\geq 4$ .
. He studied the Johnson homomorphism of a mapping class group of a closed oriented surface, and determined the abelianization of the Torelli group. (See [18] .) There is a broad range of remarkable results for the Johnson homomorphisms of a mapping class group. (For example, see [14] and [25] .) [24] . (For definition, see Subsection 3.2.) From Theorem [1] who showed that for each $k\geq 1$ and $n\geq 2,$ $gr^{k}(\mathcal{A}_{n})$ is a free abelian group of finite rank, and that . For $n\geq 3$ , the GL $(n, Z)$ -module structure of $gr_{Q}^{2}(\mathcal{A}_{n})$ is completely determined by Pettet [31] . In our previous paper [33] , we determined those of $gr_{Q}^{3}(\mathcal{A}_{n})$ for $n\geq 3$ . For $k\geq 4$ , the GL $(n, Z)$ -module structure of $gr_{Q}^{k}(\mathcal{A}_{n})$ is not determined. Furthermore, even its dimension is also unknown. [5] showed that $\nu_{n,1}$ is surjective for $n\geq 4$ . This fact sharply contrasts with their previous work [4] which shows there are infinitely many automorphisms of $IA_{3}^{M}$ which are not contained the image of $\nu_{3,1}$ . On the other hand, by an independent works of Cohen-Pakianathan [9, 10] , Farb [11] and Kawazumi [19] Here we should remark that the GL $(n, Z)$ -module structure of ${\rm Im}( \bigcup_{Q})$ is completely determined by Pettet [31] for any $n\geq 3$ . Now, for the study of the second cohomology group of IA $nM$ , it is also an important problem to determine whether the cup product map $\bigcup_{Q}^{M}$ is surjective or not. For the case of $IA_{n}$ , it is still not known whether $\bigcup_{Q}$ is surjective or not. In the last section, we prove that the rational cup product map $\bigcup_{Q}^{M}$ is not surjective for $n\geq 4$ . by studying the kemel $\mathcal{K}_{n}$ of the homomorphism $\nu_{n,1}$ . It is easily seen that $\mathcal{K}_{n}$ is an infinite subgroup of IA$n$ since $\mathcal{K}_{n}$ contains the second derived series of the inner automorphism group of a free group $F_{n}$ . The structure of $\mathcal{K}_{n}$ is, however, much complicated. For example, (finitely or infinitely many) generators and the abelianization of $\mathcal{K}_{n}$ are still not known. To clarify the structure of $\mathcal{K}_{n}$ , it is also important to study the obstruction for the faithfulness of the Magnus representation of $IA_{n}$ since $\mathcal{K}_{n}$ is equal to the kernel, by a result of Bachmuth [2] . (See Subsection 2.3.) From the cohomological five-term exact sequence of the group extension Witt [34] that each $\mathcal{L}_{n}(k)$ is a GL $(n, Z)$ -equivariant free abelian group of rank . (For details, see [12] and [13] .) Let $m(H_{Q}^{\lambda}, \mathcal{L}_{n}^{Q}(k))$ be the multiplicity of the Schur-Weyl module $H_{Q}^{\lambda}$ in $\mathcal{L}_{n}^{Q}(k)$ . Bakhturin [6] gave a formula for $m(H_{Q}^{\lambda}, \mathcal{L}_{n}^{Q}(k))$ using the character of the Specht module of $H_{Q}$ corresponding to the Young diagram $\lambda$ . However, its character value had remained unknown in general.
Then Zhuravlev [35] . Indeed, Magnus [22] showed that for any $n\geq 3$ , the IA-automorphism group $IA_{n}$ is finitely generated by automorphisms $K_{ij}:\{\begin{array}{ll}x_{i} \mapsto x_{j}^{-1}x_{i}x_{j}, x_{t} \mapsto x_{t}, (t\neq i)\end{array}$ for distinct $i,$ $j\in\{1,2, \ldots, n\}$ and $K_{ijk}:\{\begin{array}{l}x_{i} \mapsto x_{i}x_{j}x_{k}x_{J^{-1}}x_{k}^{-1},x_{t} \mapsto x_{t}, (t\neq i)\end{array}$ for distinct $i,$ $j,$ $k\in\{1,2, \ldots, n\}$ such that $j<k$ .
For any $n\geq 3$ , although a generating set of $IA_{n}$ is well known as above, any presentation for $IA_{n}$ is still not known. For $n=3$, Krsti\v{c} and McCool [20] showed that $IA_{3}$ is not finitely presentable. For $n\geq 4$ , it is also not known whether $IA_{n}$ is finitely presentable or not.
Andreadakis [1] showed that the first Johnson homomorphism $\tau_{1}$ of Aut above. Furthermore, recently, Cohen-Pakianathan [9, 10] , Farb [11] and Kawazumi [19] inedepedently showed that $\tau_{1}$ induces the abelianization of IA$n$ . Namely, for any $n\geq 3$ , we have respectively. Pettet [31] showed (6) $rank_{Z}gr^{2}(\mathcal{A}_{n})=\frac{1}{6}n(n+1)(2n^{2}-2n-3)$ , and in our previous paper [33] , we showed
In general, for any $n\geq 3$ and $k\geq 4$ the rank of Next, we mention the relation between $\mathcal{A}_{n}'(k)$ and $\mathcal{A}_{n}(k)$ . Since $\tau_{1}$ is the abelianization of IA $n$ as mentioned above, we have $\mathcal{A}_{n}'(2)=\mathcal{A}_{n}(2)$ . FMrthermore, Pettet [31] showed that $\mathcal{A}_{n}'(3)$ has at most finite index in $\mathcal{A}_{m}(3)$ . Although it is conjectured that . Then using (1) and (7) The associated Lie algebra $\mathcal{L}_{n}^{M}$ is called the free metabelian algebra generated by $H$ .
We see that $\mathcal{L}_{n}(k)=\mathcal{L}_{n}^{M}(k)$ for $1\leq k\leq 3$ . It is also classically well known due to Chen 9 [8] that each $\mathcal{L}_{n}^{M}(k)$ is a GL $(n, Z)$ -equivariant free abelian group of rank (8) $r_{n}^{M}(k):=(k-1)(\begin{array}{ll}n+k -2k \end{array})$ . , and hence $\nu_{n_{2}2}$ is surjective. However it is not known whether $\nu_{n,k}$ is surjective or not for $k\geq 3$ . Now, the main aim of the paper is to determine the GL $(n, Z)$ -module structure of the cokernel of the . In order to define the trace maps, we prepare some notation of the associated algebra of the integral group ring. (For basic materials, see [30] is at most finite abelian group due to Pettet [31] , we see $\dim_{Q}(gr_{Q}^{2}(\mathcal{A}_{n}'))=\dim_{Q}(gr_{Q}^{2}(\mathcal{A}_{n}))=\frac{1}{6}n(n+1) (2n^{2}-2n-3 . On the other hand, in our previous paper [33] , we showed that the cokemel of the rational Johnson homomorphism $\tau_{3,Q}$ is given by Coker 
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